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In this paper we prove that every pure-state of N (N^ 3) continuous variables corresponds 

to a pair of convex rigid covers (CRCs) structures in the continuous-dimensional Hilbert-Schmidt 
space. Next we strictly define what are the partial separability and ordinary separability, and discuss 
how to use CRCs to describe various separability. We discuss the problem of the classification of 
^' JV ' and give a kinematical explanation of the local unitary operations acting upon ^^ N \ Thirdly, 
we discuss the invariants of classes and give a possible physical explanation. 
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In quantum mechanics and quantum information, the study of the multipartite quantum systems is more difficult. 
For instance, for the general multipartite quantum systems the problems of the criteria of various separability, of the 
entanglement measures, and of the classification and invariants, etc. all are not solved better as yet. As for the cases 
of many continuous variables (MCVs), the problems are even more complex, because, generally, the various related 
expressions of the quantum states of MCVs are more complex than once of the quantum states of discrete variables. 
Especially, the study of the entanglement problems(e.g. see [1,2]) of the quantum states of MCVs, for instance, the 
discussion of the quantum teleportation, even if in the simplest case of two CVs[3], is still more complex than ordinary 
qubit system. In order to study the multipartite systems, in [4] we have we suggested an effective method, i.e. the 
'method of convex rigid frames (CRFs)' which is a non-traditional way. However the method of CRFs only can be 
used in the cases of the quantum states of discrete variables (quNit pure-states). In this paper we consider the more 
important cases, i.e. we give a way in the study of entanglement problem of the quantum states of MCVs, we call 
it the 'method of convex rigid covers (CRCs)' (see below) which is also a non-traditional way, of course. As a result 
of the complexness of the problems, it is not only a simple continuous-dimensional generalization of the method of 
CRFs, especially the cases of various separability, related calculations, etc. 

In this paper, first we explain what are the CRCs and prove that every pure-state of N continuous variables 

(CVs) always corresponds to a pair of CRCs in the continuous-dimensional Hilbert-Schmidt (H-S) space[5] (about it, 
see below). Next we strictly what are the partial separability (relate the cases of discrete variables, see [6,7]) and 
ordinary separability of pure-states of MCVs, and how we use the method of CRCs to describe these separability. 
Further we discuss the problem of the classification of vfrW and give an explanation of kinematics of the local unitary 
transformation (LU)[8,9] acting upon Thirdly, we discuss the invariants of classes and give a possible physical 

explanation, and a concrete example is given.. 

In the first place, we introduce what is a continuous-dimensional H-S space, in this paper we only consider the 
following cases. Let H t = H (/i,) (i = 1, ■ • • , m) be the ordinary Hilbert space consisting of complex value functions 
of variable \Xi. For the sake of simpleness, we assume that the definition field of m CVs (//) m = (fit, ■ ■ • , Mm) is the 
real field M. m . If the basis of Hi has been chosen as | B (/x«) >, where B(/ij) =B(/Xj,x) (in the following the space 
coordinates x, generally, are omitted) are basic vector obeying 

< B (jO I B ( Mi ) >= 6 - Mi ) , J dfJHdd | B (m) X B 04) |= I (1) 
Now we consider the space H = H\® - ■ ■ H m , the basis can be chose as {| B^ >} = {| B (fix) > ® • • • <8> \B (fJ, m ) >} 

< B W ) n | B Mm >= S ((//) - (/i)) , J (d^) m | B Wm X B Wm |=1 (2) 

where the 8 function 5 ((//) — (//)) = S — fXi) ■ ■ ■ S (/j,' m — fi m ) and (dfj,)" 1 = d/ii ■ ■ ■ dfi m . Then a normal pure-state 
| i^/W >, whose continuous 'coordinates' are {c( M ) m } , can be expressed as 

I * M >= / (diu) m c {ll)m | B Wm >,c Wm =< B Wm | *™ >,J (dp)" 1 |c w J 2 = 1 (3) 
Now a Hermitian operator L can be represent by a continuous-dimensional matrix whose matrix entries are 

[%') m ,M m = / ( dx ) 3 < B W m W I L I B (M) m W > (4) 
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The set of all operators L form a linear space £y n+m > on the real number field, a L can be called a vector or a point 
in £( m + m ). i n jf we define the interior product of vectors A and B is defined as 



< 



A,B>=J ^r{A^B) WmMm =j J m m (dvriA] WmMm [B] 



Mm.M, 



where the star denotes the complex conjugation. The modulus (the length) of a vector A is defined by \\A\\ 



V< A,A>=Jff(dp) m (dv) m [A] 



and the distance between two points A and B is defined as d (A, B) 



\\A — .B || . ft can easily be verified that £( m + m ) forms a distance space, which is the continuous-dimensional H-S 

M — | vj/( m ) >< vj/M | 5 [p( m )] 



space. The density operator (matrix) p is a vector (a point) of £( m +'"^ p 
c*. A . In this paper, all operators discussed are density operators 
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Notice that every pure-state p (m) =| * (m) >< * (m) | is a vertex in £("»+"»). Now, we assume that p (m) = p (m) (£) = 



(.Si) ■ " " i Cn) yet is dependent on other n real variables (£) n G R",then every 

P (m) (On is a vertex in £ (m+m) . If we 
take p( m ) (£1, • • • , £„) as a mapping that p( m ) (£)„ : K" — > £("»+"»), then the image of p( m ) (£)„, o" (n) = (W l ), is 
a piece of a curve surface of a convex body (the maximal dimension of the cover is n), we call a 'convex cover' 
which just can be described by the density matrix p( m *> (£) n . Next, suppose that A (£) n = A (£1, • • • , £„) is a nonnegative 
real function obeying A (£)„ > 0, / (d£) n A (£)„ = 1, then we obtain a mixed-state p( n ) = / (d£_) n A (£)„ P [m) (0„ ( we 
assume that it is convergent), which is a point in £( m + m ) and near the convex cover (the point is 
'covered 'by er^). We can take a figure of speech: If A (£) n is the density of mass distributing on a^ n \ the total mass 
is I, // m ' (£) n corresponds the 'coordinates' of a point in a^ n \ then just is the 'centre of mass' of cr^™). Obviously 
is only determined by A (£) ■ In this paper, every related and the corresponding point p( m ) discussed only 
can be moved in £( m + m ) as a rigid body as in the classical mechanics, so we call them a 'convex rigid cover(CRC)', 
simply read it the symbol CRC^ = {p^ (£)„ , X {m) (£)„}■ 

Definition 1. Two convex rigid covers CRC^ = {p^ (0 n A (m) (0„} and CRC'^ ] 



called to be identical, if and only if d (p (m) (£)„ , P (m) (£')„) 
for any (£) n , (£')„. In this case we call the process CRC^ 



{P l{m) K) n ,A(0„} are 
d (P' (m) (0„ , P' (m) (Oj and A™ (£)„ = A«' (£')„ 
• CRC'^ ] a 'motion from CRCffi to CRC'^ ) \ 



Obviously, this identical relation is an equivalence relation, so all CRCs can be classified by using of this relation. 

Now we consider N (N^ 3) particles of MCVs, suppose that {| >} has been chosen. In the following, Zm 

denotes the integer set Zm = {!,•••, M} . If two ordered proper subsets (r) p = {n, • • • , rp} ( 1 < n < • • • < rp ^ M) 
and [s) M _ P = {si, ■ ■ ■ , s M -p} (1 < Si < • • • < Sm-p < M) in Z M obey (r) p U (s) M _ P = Z M , (r) P n (s) M _ P = 0, 
where P is an integer, 1^ P < M — 1, then the set {(r) p , (s) M -p} forms a partition of Zm, we denote it by the 

symbol (r) p || (s) M _ P . For a given partition (r) p || (s)q, we define an orthogonal complete basis || -B(r) p ||(s) Q >| 
(i.e. only the order in (p) N is changed) by 



( B (r)p\\(s) Q ) - I £ 



(C)(r) 



> 



(5) 



S(Mrp) >,| B W(s)q >=\B(p Sl ) > 



B(p 



S Q, 



> 



Wi denote the -it ate | \\(s) Q > corresponding to | ^ (N ^>hy 



¥ N) >-- 

(r) P \\(s) Q > 



(dp) 



(dp) 



Q 



(dp) 



where we simply write c. 



M(r)p.W(a) Q; 



'(Mr!, 



> 



I (-B (r) 



.IIWc 



> 



>)(r)p.(M)(.) ) ' -^Wp 

Mrp,^!,-^ Q ) =C W JV . and (p) n 



(m) 



U(/i) W< 



(6) 

but it is in the 



natural order. Obviously, | 



(N) 

WpII(s) 



> and | ^( JV ) > are completely the same in the physics. Further, we write 



¥ N) >- 
*WpII(«)q > ' 



J (**)g )g »/((M) Wo ) I *»((M) Wo ) >I^) (8)Q > 



(Op 



> 
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where (m)( s ) q pl & y the roles of Q 'parameters' (as (£) n as in the above), and it is easily verified that | tp ((m)( s ) q ) > 

is a normal, and J (cip)^^ rj 2 ((p)( s ) q ) = T Therefore corresponding to a | > and a (r) p || (s)q, we at once 

point out a CRC as 

Ci?C (^> Q {P {N) ) ={p {P) {p {N) ^){s )q )^{p {N) M { s )q )} ((m) Wq can changes) (8) 
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Symmetrically, if we consider I n >, then we obtain 

K s )q II V r ) p 



CRC M(r)p (pW) ={p«)(pW,( M ) (r)f ,),A(pW,( M ) (r) J} ((p) (r)p can changes) 

M(D P ) = I ■ ((A*)(r) P ) >< * OV) J , I V ((M) Wp ) >= / (40g> Q 7=== , a I *00 Wfl > 0) 



Therefore for a | fl/W > and a given (r) p \\ (s)q , we always write a pair of CRCs as 

cbc {t)A{ . )q (p (n) ) = [crc Wwq (pW) , crc Wmp (pW)] (10) 

Now, we discuss the separability problems by using the above way. First we need to strictly define the various 
separability of a pure-state | \t>W > of MCVs. 

Definition 2. The pure-state | \J/W > is called to be (r) P — (s)g-separable, if | V&W > can be decomposed as 

•iSW, >-" <!, >i *!?-'« >•« 'S* - s i >< i « i *S> >< *S> 

>= / (*«,, »<»><,„ I Bfrt Wp >• I *g' a >= / (*•)?.,„ I > ("I 

this means that there is the relation as c^ 1 ... flN = e,{n) {r) x /(m) (s) ■ The above separability is a partial separability. 
If | vj/W > i s n ot [r) P — (s) M _ P -separable, then we call it is (r) P — (s) M _ p -inseparable. 
Definition 3. The pure-state | \t>W > i s called to be separable (disentangled), if 

l* (Ar) >=n(y^^ |B(Mi)>) (12) 

Therefore the separability, in fact, is a 'full separability'. It is easily verified that | > is separable, if and only 

if it always partially separable with respect to all possible partition. The following theorem is a main result in this 
paper, it , in fact, is a criterion of the partial separability. 

Theorem 1. The pure-state =| vfrW >< vj/W | j s ( r ) p _ (s) Mp -separable if and only if 

the cover Ci?C( M ) (p^) (or CRC^ (p^)) shrinks to one point (pure-state vertex), i.e. all 

d(p<*> (p (JV) ,(p)( s) J "P (P) (p ( "W)(.) )) = (or all d(pW) (pW,( M)(r)p ) -pW) (pW,(,) (r)p )) = 0) for 



any 



W(.),'Ww, ( or Wwp-Ww 



Proof. Suppose that the pure-state pW =| *W >< *W | is (r) p - (s) M _ p -separable, i.e. Eq.(ll) holds. Then 
from Eq..(7), p( p ^ (j}( N \ (m)( s ) q ) ' m ^ act ' obviously is independent on (p)( r ) p , this means that it will shrink to a 
fixed point p^ p \ i.e. cover CRC^^ (p^) indeed shrink a point. Similarly, for CRC^^ (p^) • 
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Conversely, if Ci?C( r ) p (p^) shrink to a point a =\ tp >< ip |, this require that e (p) (s) ((A*)(r) p ) m Eq.(7), in fact, 
is independent on {p)( r ) p , then Eq.(7) leads to that there are £(n) {r) and /( M ) (s) such that C(^) w = e(ij) w /((u) (s) 

and I *(r)p||W M _ P >= l V > ® I ^ >, where | ip >= J (d/i)g )(j /(/x) ( , )g I B (p) (s)q >» P W is ( r )p ~ (s) M _ P -separable. 
□ 

Corollary. For a pure-state pW of MCVs and the partition (r) p \\ (s) Q , CRC M(s) (pW) and CRC (tl){r)p (pW) 

both shrink to points, or both not. 

The proofs are evident from the proof of the Theorem 1. 

Therefore in view of method of CRCs in this paper, every separable (disentangled) pure-state of MCVs is an 
extremely special state, i.e. of which all CRCs with respect to any partition must be shrunk into a point. Conversely, 
if p( N *> is inseparable with respect to any one of a partition, then it must be entangled. 

Secondly, by the method of CRCs we discuss the 'kinematical explanation' of the LU acting upon the pure-states 
of MCVs.' 

Definition 4- We call two pure-states p^ and p'^ of N CVs are 'equivalent by motion', symbolize by p^ ^ p'W , 
if and only if CRC^^ } (p^) and Ci?C(^) ( } (p^) are identical (see the Definition 1) with respect to all possible 

non-null proper subset (r) P (1 ^ P ^ M — 1). 

Corollary. If two pure-states p^ and p'W of N CVs are equivalent by motion, then p^ and p'W both arc 
(r) p — (s) M _ p -separable (or both (r) p — (s) M _ p -inseparable), with respect to any (r) p \\ (s) M _ P , i.e. the partial 
separability and separability are invariants of the equivalence classes by motion. 

From the definitions 1 and 4, the proof is obvious. 

The following theorem is just a kinematical explanation of LU. 

Theorem 2. Two pure-states p^ and p'W are equivalent by motion (see the Definition 4), if and only if there are 
N unitary transformations u (pi) (i = 1, ■ ■ ■ , N) that t 

p' {n) = u (m) <g> ■ ■ ■ <g> u (p N ) P {N) u ] (p N ) <g> • • • <g> M f (m) (13) 

Proof. Notice that in the H-S space the unitary transformations and only the unitary transformations just can 
keep the invariancc of distances and modulus of the vectors, by this fact, the proof is obvious. □ 

Thirdly, we discuss the invariant problem of classes. Obviously all invariants of CRC^^ (p^) (and 

Ci?C( M ) ( ^ ) (p^)) 01 motions just are the invariants of LU of a pure-state p^ N \ for instance, the 'areas' of con- 
vex cover cr( p ) in CRC W(r)p (p^)(cr^ is the image of the mapping pW) (pW, (p)( r ) P ) from rP to £ (Q+Q) , and 
similarly for ), the curvatures in every point in (and in er^),---, (of course, the 'total mass' (always 

is 1), the 'density of mass distribution' A (p^ N \ (M)( r ) p ) ( or ^ {p^ N \ (' u )(s) Q )) ^ s invariant). In addition, there are 
those invariants describing convexity, etc. At present, we cannot yet understand what are the meaning in quantum 
information for the most of them. However, the 'areas' have a quite natural explanation as follows. 

In order to avoid the infinity and to simplify calculation, we can choose a finite region Vl N C M. N , and assume that 
(^)(r)p and (^)(s) Q ' respectively, full in fi( r ) p and Q( S ) Q , ^(r) p x ^(«) Q = ^ N ■ L ct Sn (r)p ( (T< ' P ') denote the 'area' 
(here, the word 'area', in fact, represents a measure of some dimension, and we assume that it is finite) of the convex 
cover cr( p ) on fi( r ) p - Similarly, <Sn (s)q (cr^* 1 ) . Now we denote the pair 

^(p w ) = K> p (- (p) )' 5 ^( ct(Q) )} ^ 

Obviously, S nN (pW) is an invariant under motions (LUs) of p( N K From the Theorem 1, its corollary and the fact 
that a convex cover shrinks to a point if and only if its area vanishes for any tt N , then we know that p is (r) p — (s)q- 
separable if and only if Sqn (p^) = (0,0) for any fl N . Conversely, if Sqn (p^* 1 ) ^ (0,0) for some fl N , then pW is 
(r) p — (s)g-inseparable, where the value of <Sn (r)p (<r^ p ')means that 'on fi( r ) p the degree of the difficulty of the factor 

pj^ to be separated out from p( w )'. Similarly, for Sn (e) (c( p )) . Therefore we can regard that Sqn (p^* 1 ) denotes 
some 'on fl N the degree of the measure of the (r) p — (s)g-inseparability'. It is quite interesting that, generally, 
Sn (r)p 7^ Sn (l) (cr (Q) ) unless they both vanish. 

However, generally the calculations of Sf2 (r) ( cr< ' P ' ) ) or 

5n (s) ( ff W)) both arc difficult, even if in the most ideal case 

that cr( p ) and are differentiablc manifolds (an useful way, see [10] and its references). Here, we only discuss a 
special case that the partion is (r) p || (s)q = (1, • • • , P) \\ (P + 1, • • • , N) , and the 'supper-rectangular parallelepipeds' 
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fi (r ) p = (a ri ,b ri ) x • • • x (a rp ,b rp ), (s)q = (a Sl ,b Sl ) x • • • x (a 5Q ,6 SQ ) and fl N = (01,61) x • • • x {a N ,b N ) , where Oj 
and 6j are real, a, < 6j for i = 1, • • • , N. Then <7^ p \ generally, is P-dimensional in the above H-S space 

, M p)H* (Q) (/H,---,Mp) ><<f (Q) (Mi, 
• dfi N e^ p+u ...^ N ) (mi, ■ ■ ■ , mp) | B^ p+1: 



a^ = {p™ (a*i,-,Mp)|:P W) (Mi,- 



(/Ui, • • • , Mp) >= y ^MP+i 



,Mp)|} (15) 

Mn) > 



e( MP+1 ,... l([1J v) (mi,---,Mp) 



c (M) f 



yJjdfJ, P+1 ---dfJ, N \c (ji)li 



(16) 



Thus we can calculate the 'area' of curve cover cr( p ) on fi( r ) as 



So (r)p = / d^" 1 ' (mi) 



(17) 



/■6i i-bp 

= dm--- , 

J a\ J ap 



d[l r 



i 



d d 


( 




\ 




^{dnf\c {p)N \ 2 jWf 


C (^)» 


2 

/ 



Mi 



where (dfi) Q = d^i P+1 ■ --dfi N , (dfi') Q = dfi' P+1 ■ ■■dfi' N , (m')jv = 0"'i' ' ' ''^'jv) . M'i = Mi f° r 1< i < -P, and ^ 
for P + 1 ^ i ^ N. Similarly, we can calculate <S , ( S ) Q (c^) in this case. It is obvious that | \I>W > is (r) p — (s)q- 
separable if and only if Sn (r) (o"^ p ') = for any (a i7 bi). 

What a pity, as it has been pointed out as in [4] that Sqn (p^) (and Sn (r)p (a (p ^)^J cannot be taken as a measure 
of the partial entanglement. 

Discussions. If in the system there are both discrete variables and MCVs , then we can similarly give a method 
in which there are some mixture of CRFs and CRCs, and some corresponding conclusions still hold. 

Conclusion. In the study of pure-state vJ/W of MCVs, the method of CRCs is effective. First by using of this 
method we can discuss the separability (partial separability and ordinary separability). Next, by this method the set 
of all "J/W can be classified, and we find that the LU acting upon a vpW can be explanted as a motion of CRCs, thus 
all motion invariants are LU invariants. Especially, an possible physical explanation of the pair of the areas of CRCs. 
is that they represent the degree of the measure of the (r) P — (s)g-inseparability on some region Q N . 
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